Dynamic modeling of multistage gearboxes and identification of dangerous resonance paths are necessary to avoid failure induced by resonance. Based on the lumped-parameter/finite element method, an improved dynamic gearbox model that considers the structural flexibility of the shaft and housing and can be used for dynamic analysis of variable speed processes, is proposed. Compared to previous lumpedparameter/finite element models, the proposed model does not divide the speed range into a lot of constant speeds to identify resonance; therefore, it has a higher computational efficiency (the previous model takes approximately 168 h to identify resonance whereas the proposed model takes just 47 h). Based on the proposed model, an analysis method for identifying the dangerous resonance paths of multistage gearbox is proposed. First, the natural frequencies and vibration shapes of the gearbox are calculated. Second, the time-frequency analysis of variable speed processes is used to identify resonance. Finally, the modal energy method is adopted to quantify the resonance energy of each component. Thus, the dangerous resonance paths of the multistage gearbox is determined by using the proposed analysis method. The proposed method provides a basis to reduce noise and vibrations and for fault prediction of gearboxes, and it can also be applied to other mechanical systems.
I. INTRODUCTION
Multistage gearboxes are widely used in automotive, aerospace, marine, and energy-related fields. Compared to single-stage gearboxes, multistage gearboxes are more prone to resonance because of the increased number of excitation sources and complex structure. Resonance causes severe vibration and noise, which lead to fatigue damage in mechanical equipment, noise pollution in the workplace, and negative effects on physical health. Therefore, dynamic modeling of multistage gearbox and identification of resonance are of great significance to improve the safety, reliability, and comfort of a mechanical system.
The lumped parameter method, finite element method, and lumped-parameter/finite element method are the three most popular modeling methods for a gear system. Using the lumped parameter method, Kahraman [1] established the lateral-torsional dynamic model of planetary gears. Lin and Parker [2] investigated the modal characteristics of planetary gears and classified the vibration modes into three The associate editor coordinating the review of this manuscript and approving it for publication was Yingxiang Liu . types, namely rotational, translational, and planet modes. Further, Ambarisha and Parker [3] , Ericson and Parker [4] , and Ambarisha and Parker [5] studied the vibration response of planetary gears under different mesh frequencies and identified the resonance excitation frequency of the system. Gu and Velex [6] , [7] considered the eccentricity and planet position errors and divided the speed range into a lot of constant speeds to identify the resonance speed of planetary gears. Zhang et al. [8] considered the multi-clearance effect on planetary gears, and determined the resonance speed by calculating the vibration response at different constant speeds. However, the lumped parameter model in reference [1] - [8] can only be used for vibration analysis at a constant speed. To overcome this disadvantage, Liu et al. [9] used the gear angular displacement as the generalized coordinate and expressed mesh stiffness as a periodic function of the gear angular displacement, thus, proposing an improved lumped parameter model suitable for dynamic analysis of a variable speed process. Chen et al. [10] , [11] discussed the dynamic characteristics of locomotives' gear systems for variable speed processes. Yi et al. [12] established a multistage gearbox model suitable for dynamic analysis of variable speed processes and proposed an analysis method using a Campbell diagram and modal energy to identify resonance. In [9] - [12] , although an improved lumped parameter method for the dynamic analysis of variable speed processes is developed, the influence of structural flexibility of the shaft and housing is neglected. To consider structural flexibility, Kahraman and Vijayakar [13] , Kahraman et al. [14] used finite element method for quasistatic modeling of planetary gears. Li [15] revealed the resonance behavior of three-dimensional spur gears using the finite element method. However, this method was not found suitable for dynamic designs due to its excessive time consumption. To solve the problem of the lumped parameter method being unable to consider the structural flexibility and the calculation efficiency of the finite element method being low, Guilbert et al. [16] , [17] proposed the lumpedparameter/finite element method to establish the dynamic model of a gear system. This method divided the speed range into several constant speeds to identify resonance. Guo et al. [18] adopted the lumped-parameter/finite element method to build a dynamic model of a gear system with flexible housing and analyzed the vibration response at different excitation frequencies to identify the resonant excitation frequencies. This lumped-parameter/finite element method in reference [16] - [18] could only be used for vibration analysis at a constant speed. Although substantial research has been conducted on dynamic modeling of gear systems and identifying resonance, a lumped-parameter/finite element model suitable for dynamic analysis of variable speed processes for quick and efficient identification of multistage gearbox resonance does not exist.
Multistage gearboxes are vulnerable to damage when resonated, especially the components on the dangerous resonance paths (i.e., the main vibration energy transfer path when a system resonates). Although there have been several researches on vibration transfer characteristics of nonresonant gearboxes, the analysis of transfer characteristics in resonance is still rare. Finding a research paper on identification of the dangerous resonance paths of gearboxes is particularly difficult. Therefore, identifying dangerous resonance paths of gearboxes has remained an unsolved problem. Lim and Singh [19] established a six degrees of freedom (6-DOF) shaft-bearing-housing model to study the vibration transmission characteristics in non-resonance. Later, Gunduz et al. [20] proposed a 5-DOF ball bearing model and analyzed the vibration transmission characteristics of the shaft-bearing system. Aslan and Aktürk [21] developed a 4-DOF shaft-bearing model to explore the effects of bearing defects on vibration. Patel et al. [22] constructed a 6-DOF shaft-bearing-housing model and revealed the effect of bearing inner-and outer-race defects on vibration transmission in non-resonance. Liu et al. [23] applied the 2-DOF bearing model to analyze the influence of local defects on the vibration characteristics. Subsequently, Liu and Shao used a 6-DOF bearing model to study the effect of local surface defects on vibration transmission. Xiao et al. [25] established an 8-DOF gear-shaft-bearing-housing model to discuss the vibration transmission characteristics in non-resonance.
The paper attempts to address the abovementioned problems. Compared to the previous lumped-parameter/finite element gearbox models, the proposed model can be used to obtain the dynamic response of variable speed processes. Moreover, the proposed model does not divide the speed range into a lot of constant speeds to identify resonance, thus, exhibits a high computational efficiency. Meanwhile, based on the proposed model, an analysis method for identifying the dangerous resonance paths of multistage gearbox is proposed. Relative to previous studies, the proposed analysis method can effectively identify the dangerous resonance paths. The research focus of this paper is as follows:
(1) Based on the work of Velex and Parker et al. [16] - [18] , an improved lumped parameter/finite element model of multistage gearbox is proposed. It can be used to calculate the dynamic response of variable speed processes, i.e., it does not divide the speed range into a lot of constant speeds to identify resonance. (2) To avoid resonance failure, an analysis method for identifying the dangerous resonance paths of multistage gearbox is proposed. First, the modal characteristics of the gearbox are computed. Second, the time-frequency analysis of variable speed processes is used to identify resonance. Finally, the modal energy method is adopted to quantify the resonance energy of each component. Therefore, the dangerous resonance paths of multistage gearbox is determined based on the proposed analysis method. The paper is divided into the following sections: In Section 1, the research status of dynamic modeling of gearboxes and identification of dangerous resonance paths is introduced. Considering the structural flexibility of the shaft and housing, an improved dynamic gearbox of suitable for variable speed process analysis, is presented in Section 2. Further, an analysis method for identifying the dangerous resonance paths of the multistage gearbox is discussed in Section 3. Finally, the results are summarized and conclusions are presented in in Section 4.
II. DYNAMIC MODELING OF MULTISTAGE GEARBOX SUITABLE FOR VARIABLE SPEED PROCESS ANALYSIS AND CONSIDERING STRUCTURAL FLEXIBILITY OF SHAFT AND HOUSING
The helicopter main gearbox is a typical multistage gearbox. Therefore, this paper takes the helicopter main gearbox as an example. The transmission schematic diagram of helicopter main gearbox is shown in Fig.1 . The system consists of onestage planetary gear set, two-stage spiral bevel gear, onestage helical gear, five shafts, ten bearings, and the gearbox housing. In the images, g m (m = 1, 2, . . . , 6) denote gear m; s j (j = 1, 2, . . . , 5) denote shaft j; b l (l = 1, 2, . . . , 10) denote bearing l. The direction of engine power is changed by the spiral bevel gears of high-speed stage, and the power is divided into two parts. Among them, most of the power is used to drive the helicopter rotor. The direction of a small portion of the power is again changed by the spiral bevel gear of inter-speed stage, and used to drive the helical gear of lowspeed stage.
Based on the work of references [9] , [26] , [27] , the dynamic model of the planetary gear set, helical gear and spiral bevel gear are established. Compared to previous lumped-parameter/finite element models [16] - [18] , the proposed model has three improvements: (1) the rotation of gears and shafts are considered, (2) the time-varying mesh stiffness and transmission error are expressed as periodic functions of gear angular displacement, and (3) it can be used for the dynamic analysis of variable speed processes.
A. GEAR LUMPED-PARAMETER MODEL
The dynamic model of the planetary gear set is established in the moving coordinate system oxy of carrier, as shown in Fig.2 . There are three kinds of coordinate systems in the model: (1) the moving coordinate system oxy of the carrier, (2) the static coordinate system OXY, and (3) the moving coordinate system o n ξ n η n of the planet n, where η denotes the tangential direction and ξ denotes the radial direction. In Fig.2 , the subscripts s, r, c, and p represent the sun, ring, carrier, and planet, respectively; x i , y i , and θ i denote the translational and torsional vibration of the gear i, respectively; x i , y i (i =s, r, c), and θ j (j = s, r) are measured in oxy; θ c is measured in OXY; ξ n , η n , and θ n (n = 1, 2, . . . , N ) is measured in o n ξ n η n . ϕ n is the circumferential location of the n-th planet, where ϕ n = 2π(n − 1)/N; r bj (j = s, r, c, p) is the base circle radius; α is the pressure angle; k m , c m , and e m (m = spn, rpn) denote time-varying mesh stiffness, mesh damping and mesh error, respectively; k rt and c rt are the torsional stiffness and damping of the ring gear; k i and c i (i = r, p) are the support stiffness and damping.
In order to overcome the disadvantage that the previous model are not suitable for the dynamic analysis of variable speed process, the time-varying mesh stiffness and transmission error are expressed as periodic functions of gear angular displacement, and it can be expressed as:
where Z p and θ p are the teeth number and angular displacement of planet;k m is the average mesh stiffness; l is the harmonic order; γ l is the mesh phase; a l is the expansion coefficient; E i (i = s, r) and E m are the amplitudes of the rotation-frequency and mesh-frequency; ς m and η i are the initial phase. The empirical formula of mesh damping is [12] 
where a m is the mesh damping ratio; m i is the mass of gear i. According to reference [9] , the projection vector V m (m = spn, rpn) of the sun-planet and ring-planet mesh models along the direction of the mesh line are as follows:
The relative displacement between the n-th planet and carrier can be expressed through Eqs. (5) .
Therefore, the stiffness matrix K m (m = spn, rpn), damping matrix C m , mass matrix M m , and error excitation vector F m of the lumped parameter model for a planetary gear set can be expressed through the following equations:
where I i (i = s, r) is the moment of inertia of the gear i.
At the same time, when a planetary gear set is converted into a fixed-shaft gear set, the following coupling matrix appears [9] : 1) Coupling matrix associated withθ c are attached to the mass matrix
where r c is the effective radius of the carrier. 2) Coupling matrix associated withθ 2 c are attached to the stiffness matrix
3) Coupling matrix associated withθ c are attached to the damping matrix
The dynamic model of helical gear is shown in Fig. 3 . The subscripts 5 and 6 denote the driving and driven gear, respectively. Gear allow translation and rotation along three axes. r bi is the base circle radius; φ is the phase angle of the installation; k 56 , c 56 , e 56 , and α 56 denote the time-varying mesh stiffness, mesh damping, mesh error, and pressure angle of the helical gear model, respectively. The helix angle β is defined as follows: β = > 0 If driving gear is left hand teeth < 0 If driving gear is right hand teeth
The displacement vector of the lumped parameter model for helical gear can be expressed as According to reference [26] , the projection vector V 56 of the lumped parameter model for helical gear along the direction of the mesh line is as follows:
− εr b5 sin β cos ϕ, −r b5 sin β cos ϕ, −εr b5 cos β, cos β sin ϕ, ε cos β cos ϕ, sin β, −εr b6 sin β sin ϕ, −r b6 sin β cos ϕ, −r b6 cos β]
where the positive angle ϕ and sign function ε can be defined from Eqs. (13) and (14) . 
The relative deformation along the direction of the mesh line can then be obtained as follows:
Therefore, the stiffness matrix K 56 , damping matrix C 56 , mass matrix M 56 , and error excitation vector F 56 of the lumped parameter model for helical gear can be expressed through the following equations: The lumped parameter model of spiral bevel gear is shown in Fig. 4 , where the subscripts p and g denote driving and driven gear, respectively. θ yp and θ zg are the rotation angle. Each spiral bevel gear is allowed to translate about these three axes denoted by x i , y i , and z i (i = p, g), respectively. δ n is the pitch cone angle of driving gear; α n is the normal pressure angle; β n is midpoint helix angle; k n , c n , e n , and α n denote the time-varying mesh stiffness, mesh damping, mesh error, and pressure angle of the lumped parameter model for spiral bevel gear, respectively.
The displacement vector of the lumped parameter model for spiral bevel gear can be expressed as q n = x p , y p , z p , θ yp , x g , y g , z g , θ zg T (17) According to reference [27] , the projection vector V n of the lumped parameter model for spiral bevel gear along the direction of the mesh line can be obtained through the force analysis (see Fig.5 ):
V n = [(sin α n cos δ n + cos α n sin β n sin δ n ), − (sin α n sin δ n − cos α n sin β n cos δ n ), cos α n cos β n , r bp cos α n sin β n , − (sin α n cos δ n + cos α n sin β n sin δ n ), (sin α n sin δ n − cos α n sin β n cos δ n ), − cos α n cos β n , −r bg cos α n sin β n ]
The relative deformation δ pg along the direction of the mesh line can then be obtained as follows:
Therefore, the stiffness matrix K pg , damping matrix C pg , mass matrix M pg , and error excitation vector F pg of the lumped parameter model for spiral bevel gear can be expressed by the following equations: 
B. FINITE ELEMENT MODEL OF SHAFT AND HOUSING
The finite element model of the shaft is constructed using the Beam188 element. Fig. 6 shows the schematic of the master nodes chosen in the finite element model of the shaft, which mainly includes the following types:
(1) Gear master nodes: selection at the middle point of the gear width (2) Shaft neck master nodes: selection at the middle point of the bearing width (3) Power master nodes: selection at the connection position of the motor and load Subsequently, a modal synthesis method is used to obtain the condensed finite element model of shaft.
According to reference [16] , the damping of shaft is defined as follows:
where b 0 = 50 and b 1 = 5 × 10 −6 , and K s and M s are the stiffness and mass matrixes of the condensed finite element model for shaft. The finite element model of the gearbox housing is established using a 10-node tetrahedral element, as shown in Fig.7 . The material is aluminum alloy with a density of 2,700 kg/m 3 , an elastic modulus of 7.1 × 10 10 N/m 2 , and a poisson's ratio of 0.33. The model consists of 969,948 nodes and 569,028 elements. Document [18] has demonstrated that the flexible multi-point constraints element does not affect the modal characteristics of the gearbox housing. Therefore, before obtaining the condensed finite element model for a gearbox housing, the flexible multi-point constraints element can be used to couple the slave node of the bearing saddle bore to a master node. Subsequently, a modal synthesis method is used to condense the finite element model of the gearbox housing. Therefore, the condensed stiffness matrix K H and mass matrix M H of flexible housing can be obtained.
C. BEARING MODEL
The transmission system is coupled with the gearbox housing through a bearing model. The stiffness matrix K bl (l = 1, 2, . . . , 10) of the bearing l is expressed as follows [26] , [28] :
where k xl , k yl , k zl , k θ xl and k θ yl are the radial, axial and tilting stiffness of the bearing l, respectively.
D. SYSTEM MODEL
In order to establish the system dynamic model of gearbox, the main node q hi (i = 1, 2, . . . , 10) of the housing bearing seat i is coupled with the main node q nk (k = 1, 2, . . . , 10) of the shaft neck k by the stiffness matrix K bl (l = 1, 2, . . . , 10) of the bearing l, which can be expressed as:
where M nk (k = 1, 2, . . . , 10) , C nk , and K nk are the stiffness, damping and mass matrixes of the shaft neck k, respectively. M hi (i = 1, 2, . . . , 10), C hi , and K hi are the stiffness, damping and mass matrixes of the housing bearing seat i, respectively. The coupled dynamic model of the multistage gearbox is shown in Fig. 7 . In the images, n k (k = 1, 2, . . . , 10) denote shaft neck k; x represents the power master node of shaft 1; h i (i = 1, 2, . . . , 10) denote housing bearing seat i; h r denote the installation position of the ring gear of the gearbox housing. The gear design parameters, gear mesh stiffness, gear mesh error, and bearing support stiffness are shown in the Appendix. The overall matrix of the coupled dynamic model for the multistage gearbox is assembled in MATLAB, as shown in Fig.8 . In the image, when two colors are present in the block, it indicates the submatrix is the superposition of two kinds of model submatrix. The dynamic response of the multistage gearbox is solved by Runge-Kutta algorithm. Finally, the equation of the coupled dynamic model for multistage gearbox can be obtained as follows:
where q is the system coordinate vector; M, T, and E refer to the mass matrix, torque vector, and error excitation vector, respectively. In addition, K b , K m , and K t , refer to the bearing stiffness matrix, mesh stiffness matrix, and torsional stiffness matrix, respectively; C b , C m , and C t refer to bearing damping matrix, mesh damping matrix, and torsional damping matrix, respectively.
III. ANALYSIS METHOD OF RESONANCE DANGER PATH
Based on the proposed model, an analysis method for identifying the dangerous resonance paths of multistage gearbox is proposed. First, the natural frequencies and vibration shapes of the gearbox are calculated. Second, the time-frequency analysis of variable speed processes is used to identify resonance. Finally, the modal energy method is adopted to quantify the resonance energy of each component. Thus, the dangerous resonance paths of the multistage gearbox is determined by using the proposed analysis method.
A. MODAL ANALYSIS
Modal analysis is the first step of the proposed analysis method. It can be used to identify resonances and calculate modal energy. A free vibration equation of the dynamic gearbox model are as follows:
Eq. (25) is used to calculate the natural frequencies and mode shapes of system in MATLAB. The natural frequencies of the first 10 orders with and without coupling the flexible housing (FH) are compared in Table 1 . After coupling the flexible housing, the flexibility and DOF of the system are increased, which reduces the natural frequencies of each order. The zeroth and first mode shapes of transmission system with and without coupling flexible housing (FH) are compared in Figs. 9 and 10 . In the images, component j (j = g i , n k , x, r, c, s, p n ) has an identical implication as in Fig. 1, Fig. 2 and Fig. 7 . It is found that the zeroth-order mode shapes is rigid-body rotation, and the torsional amplitude of each speed stage are distributed according to the transmission ratio; the analysis results are consistent with the literature [12] . Corresponding to the first-order mode shape, after coupling the flexible housing, the radial amplitude of local transmission system is increased, while the torsional amplitude of local system is decreased. The mode shapes indicates that the flexible housing increases the radial flexibility of the system, and has a certain sharing effect on the torsional kinetic energy, that is, part of the vibration energy of the transmission system is absorbed by the flexible housing.
B. RESONANCE IDENTIFICATION
Resonance identification is the second step of the proposed analysis method. After obtaining the natural frequencies and vibration shapes, the time-frequency analysis of variable speed processes are used to identify resonance of the multistage gearbox.
Using the proposed model, under the torque T = 6, 697 Nm and the input speed increases linearly from 1,000 rpm to 6,000 rpm, the dynamic response of acceleration process is finished after running for 47 h continuously. It is worth noting that the previous model takes about 168 h. Because the previous model could only be used for vibration analysis at a constant speed, it must be divided the speed range into a lot of constant speed to identify resonance. Therefore, compared to previous lumped-parameter/finite element models, the proposed model has a higher computational efficiency. Fig. 11 is the variation of time-varying mesh stiffness with speed in acceleration process. The frequency of the singleand double-tooth engagements alternately increases linearly with the speed, so the acceleration process of gearbox is reflected. The time-frequency analysis of dynamic mesh force of each speed stage in variable speed process is shown in Fig. 12 . ω h (h = 0, 1, . . . , 93) denotes the natural frequency of the gearbox. f m12 , f m34 , f m56 , f msp , and f mrp denotes the mesh frequency of the high-speed stage, inter-speed stage, low-speed stage, and planetary gear stage, respectively; It indicates that the multistage gearbox has resonance risk when the input speed is near 1,062, 1,099, 1,938 and 5,210 rpm, and the corresponding resonance excitation frequencies are f m12 , f m12 , f m12 and f m56 , respectively. Through time-frequency analysis of variable speed process, the resonance speed (RS), resonance excitation frequency (REF), natural frequency (NF), and resonance speed stage (REF) of the multistage gearbox are identified and listed in Table 2 . 
C. IDENTIFICATION OF RESONANCE DANGER PATH
Multistage gearbox has multiple excitation sources and transmission paths, and the vibration energy of each excitation source is transmitted along the multiple transmission paths. Since the working speed range of this helicopter main gearbox is 5,000-6,000 rpm, we only focus on and identify the dangerous resonance paths of the working speed range. According to the above analysis, the mesh frequency f m56 will cause the resonance of low-speed stage when the multistage gearbox is running near 5,210 rpm in working speed range. The next step of the proposed analysis method is to quantify the resonance energy of each component of low-speed stage by using modal energy method, so as to determine the dangerous resonance paths of multistage gearbox.
The vibration energy of excitation source of low-speed stage may be transmitted through four transfer paths: (1) transfer path 1 (see Fig. 13a ), namely, excitation source → g 6 → s 5 → b 10 → h 10 , (2) transfer path 2 (see Fig. 13b ), namely, excitation source → g 6 → s 5 → b 9 → h 9 , (3) transfer path 3 (see Fig. 13c ), namely, excitation source → g 5 → s 4 → b 7 → h 7 , and (4) transfer path 4 (see Fig. 13d ), namely, excitation source → g 5 → s 4 → b 8 → h 8 . In order to identify resonance danger path, the modal energy method is adopted to quantify the resonance energy of each component of low-speed stage. The modal energy of each component can be calculated according to reference [12] . Because the strain and kinetic energies are converted into each other, when the gearbox resonates, the location of the strain energy concentration typically generates larger dynamic loads [12] . Fig. 14 shows the energy distribution of the gearbox running near resonance speed of 5,210 rpm. In the image, R j (j = 1, 2, . . . , 6, s, pn, r, c) and J j denotes the radial and torsional kinetic energies of gear j, respectively; nr k (k = 1, 2, . . . , 10) and nu k denote the radial and torsional kinetic energies of shaft neck k, respectively; hr i (i = 1, 2, . . . , 10, r) and hu i denote the radial and torsional kinetic energies of housing bearing seat i, respectively. In addition, U bl (l = 1, 2, . . . , 10) denotes the radial strain energy of bearing l; U bpn (n = 1, 2, 3, 4) denotes the radial strain energy of planet bearing n; U 12 , U 34 , U 56 , U sn , and U rn refer to the mesh strain energy of the high-speed stage, inter-speed stage, low-speed stage, and planetary gear stage, respectively. Fig. 14 shows that the kinetic energies of gear 6 (g6), shaft 5 (s5), bearing 10 (b10) and bearing seat 10 (h10) on path 1 are the largest and the kinetic energy transmitted on path 1 is uninterrupted. While the modal energy on other paths are smaller and the kinetic energy transmitted is interrupted. Therefore, the transfer path 1 of low-speed stage is a dangerous resonance paths when the gearbox is running near 5,210 rpm (see Fig. 14a ).
IV. CONCLUSION A. ADVANTAGES OF THE PROPOSED METHOD
Considering the structural flexibility of the shaft and housing, an improved dynamic gearbox model suitable for variable speed process analysis, is proposed. Based on the proposed model, an analysis method for identifying the dangerous resonance paths of multistage gearbox is proposed. The advantages of the proposed model and analysis method are as follows:
(1) Compared to previous lumped-parameter/finite element models, the proposed model can analyze the dynamic response of variable speed processes, i.e., it does not divide the speed range into a lot of constant speeds to identify resonance. Therefore, it has higher computational efficiency. For instance, the previous model takes approximately 168 h to identify resonance whereas the proposed model takes just 47 h. (2) Based on a comparison with previous studies, the proposed analytical method can identify the dangerous resonance paths of multistage gearbox in multiple excitation sources and transmission paths
B. SUMMARY
(1) Consideration the flexible housing, the natural frequencies of each order are reduced and mode shapes of the local transmission system are changed. The influence of flexible housing cannot be ignored in vibration analyses and aeronautical gearbox designs.
(2) The excitation frequency and dynamic response of the gearbox change with respect to the speed in variable speed processes. To avoid resonance failure, the dynamic characteristics of gearboxes in variable speed processes should be completely evaluated. Furthermore, compared to previous lumped-parameter/ finite element models, it is worth noting that the proposed model is suitable for connecting with engines and electric motors. Therefore, it can provide a theoretical basis for the dynamic design, performance evaluation, variable speed control, and parameter optimization of prime motor drive gearbox. (3) In this paper, the proposed analytical method can be used to identify the dangerous resonance paths of multistage gearboxes. It provides a basis for vibration and noise reduction and fault prediction of gearbox, and can also be applied to other mechanical systems. 
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